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Introduction and Statement of the Results

Background and History
Let X = λ 1 x 1
+ O(|x| 2 ) be an analytic vector field near x = 0, that is: X is defined by a power series with strictly positive radius of convergence. We say that two such vector fields X and Y are analytically conjugated if there exists a change of variables x = U (y) defined by a power series with positive radius of convergence, such that U * (X ) = Y . This means that we may consider both real and complex time. The main part of this paper will be about the case of a planar saddle, where the eigenvalues λ 1 and λ 2 are real, nonzero and where the ratio η = −λ 1 /λ 2 is positive. For such a planar saddle, we mainly have the real-time situation in mind. We recall from [1, 2] that any analytic saddle can be conjugated analytically to a form 'as close as desired' to the formal normal form (see below for precision). For example if η is irrational, then this formal normal form is linear. The main question that we address in this paper is: what happens when we normalize closer and closer to the formal normal form. For that purpose, we will iterate and renormalize these conjugacies. By 'renormalization' we roughly mean: at each step of the iteration, we use an appropriate 'magnifying glass', in order to obtain a similar starting point for the next step in the iteration. According to the diophantine properties of η, we will investigate the convergence of this process. The main results are stated in Theorem 5 and Theorem 3. More specifically, Theorem 5 will give quantitative estimates on the radius of convergence of the 'normalizing transformation' and Theorem 3 describes how an iterative application of Theorem 5 converges provided that the diophantine condition (6) on η is satisfied.
The proof of Theorem 3 also provides estimates on the shrinking rate of the radii of convergence in case that (6) is not necessarily verified.
Remark that Theorem 3 implies the 2D version of the following linearization result by Bruno.
Theorem 1 [4] Let X = A + f be an analytic vector field near the origin such that X (0) = 0, A = D X (0) and f = O(|x| 2 ). Suppose that the linear part A has real eigenvalues
λ 1 , λ 2 , .
. . , λ n that satisfy the following condition
where ω(m) = inf 2≤|i|≤m,1≤ j≤n | λ, i − λ j |. Then there exists an analytic coordinate transformation U = id + u that conjugates the given vector field X to its linear part A.
The holomorphic linearization results for saddles (i.e. at least one eigenvalue is positive and at least one is negative) were first proven by Siegel [18] and later improved by many authors, see e.g. [17, 4, 15] . The result stated in Theorem 1 is to our knowledge the best known so far and it is still unknown whether condition (1), the Bruno condition, is optimal in dimension higher than or equal to three. The optimality of this condition was considered by Pérez-Marco and Yoccoz in [16] . They studied the holonomy map associated to one of the separatrices of the foliation determined by a vector field of the type x
This holonomy map determines the foliation and is an analytic map of the type e 2πiα z + O(|z|) 2 . Moreover for any given such map a corresponding foliation is constructed for which the holonomy map equals exactly the given map. This shows that the classification of two dimensional foliations is equivalent to the classification of those 1D mappings. This classification for mappings was completed by Yoccoz in [19] . Since this approach is rather indirect and depends explicitly on the continued fraction expansion of the number η, it is interesting to connect the analytic 'near' normal forms in [1, 2] to Theorem 1 where the continued fraction expansion of the number η plays a central role.
In the original article [4] by Bruno, it is explained that, concerning two dimensional systems, condition (1) can be translated as a condition on continued fractions of the ratio η = −λ 1 /λ 2 . If the continued fraction expansion of the number η is given as q n p n , n ∈ N, then the equivalent condition is expressed as:
